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Abstract

Interval routing (IR) is a space-efficient routing method for computer networks. For longest
routing path analysis, researchers have focused on lower bounds for many years. For any n-
node graph G of diameter D, there exists an upper bound of 2D for IR using one or more labels,
and an upper bound of [2D] for IR using O(y/nlogn) or more labels. We present two upper
bounds in the first part of the paper. We show that for every integer ¢ > 0, every n-node graph
of diameter D has a k-dominating set of size O( *+/n) for k < (1 — 3:)D. This result implies a
new upper bound of [(2 — &) D] for IR using O( */n) or more labels, where i is any positive
integer constant. We apply the result by Kutten and Peleg [8] to achieve an upper bound of
(1 + ) D for IR using O(4) or more labels, where « is any constant in (0,1). The second part
of the paper offers some lower bounds for planar graphs. For any M-label interval routing
scheme (M-IRS), where M = O(+/n), we derive a lower bound of %D — 1 on the longest
path for M = O(<¥/n), and a lower bound of %D where 6 € (0,1], for M = O(y/n).
The latter result implies a lower bound of (y/n) on the number of labels needed to achieve

optimality.

*Preliminary versions of the planar graph results have appeared under the titles “Lower Bounds for Multi-
Label Interval Routing” in Proc. 2nd International Colloquium on Structural Information & Communication Complexity
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1 Introduction

Interval routing as a research topic has been under study for many years. For a detailed survey
of results up to 1999, one can refer to [2]. Interval routing is attractive because of its simplicity:
every node is assigned a unique integer ID from a cyclicly-ordered set, and every outgoing link
is assigned an interval label which is a range of integers from the same set. Message routing is
carried out by comparing the destination ID with interval labels as the message moves from node
to node in the network. This is the one-label interval routing scheme, or 1-IRS. A valid IRS is one
that can route a message from any node to any other node along a deterministic path. There are
advantages to attaching more labels to an edge. An M-label IRS, or M-IRS, is an IRS where up to
M labels can be attached to any edge.

One way of measuring the quality of interval routing scheme is to look at the longest routing
path. We say that the an IRS is optimal if the resulting longest path is equal to the diameter, D,
in length. For arbitrary graphs, there exists a 1-IRS such that the longest path is bounded by 2D
[11], and an O(y/nlog n)-IRS such that the longest path is bounded by [%D} [6]. With respect to the
lower bounds of 2D —3 and L%DJ —1givenin[12,3],the2D and [%D} upper bounds are very close
to the optimal for 1-IRS and O(v/nlog n)-IRS, respectively. Between M = 2 and M = O(y/nlogn),
there has been a lack of upper bound results for many years. A trivial upper bound for this range
is 2D by the fact that the path lengths cannot be longer with using more labels. In this paper, we
propose an upper bound of [(2 — %)D} for O( "\/n)-IRS, where i is any positive integer constant.
A summary of the existing upper and lower bounds, including the ones given in this paper, is
shown in Figure 1. The upper bounds for i > 3 are marked by a A in the figure.?

We also present an O(Z)-IRS in which the longest path is bounded by (1 + «)D, for any

€ (0,1). This result is applicable to graphs with large diameters. If a small constant is chosen
for «, this result is close to the lower bound result in [13] which says that there exists a graph such
that for any M-IRS, if M < 55 O(\/7) the longest path is no shorter than D + O(
D = Q(/n).

As shown in Figure 1, for the cases of one label, ©(y/nlogn) to @(ﬁ) labels, and then
more than ©(%) labels, the upper bounds and the lower bounds are very close to each other.
But between two to ©(y/nlogn) labels, and O(prog™ ) to ©(3) labels, there is an appreciable gap

W) where

between the upper bounds and the lower bounds, such as a gap of %D with the best known lower
bound of [2D] — 1 for the case of ©(,/n) to ©(y/nlogn) labels [3]. One could hope for a narrower
1The figure describes the case of D = O(,/—5—).
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Figure 1. Spectrum of upper and lower bounds (not to scale).

gap in the future.

Techniques that have been used to achieve the upper bound results include BFS tree for 1-IRS
[11] and k-dominating set for O(y/nlogn)-IRS [6] and O(1)-IRS, where Ve > 0 [5]. (The O(2)-IRS
is for planar graphs, which we will discuss later in this paper.) We will also use the technique of
k-dominating set and some related results to derive some of our results.

The k-dominating set C' of a graph G = (V, E) is a subset of V such that Vv € V, 32 € C,
d(z,v) < k, where d(z,y) is the distance between z and y, z,y € V.

The application of the concept of k-dominating set to interval routing was implicitly initiated
by Kralovitetal. in [6]. The connection between k-dominating set and interval routing was further
elaborated on and strengthened by Gavoille et al. [5]. Lemma 1 will give a proof on the relationship
between k-dominating set and interval routing. In Section 3.4, we re-state and directly apply a
lemma by Kutten and Peleg [8]. This simple and direct application can result in a sudden drop
of the upper bound in the spectrum (Figure 1) for ©( %)-IRS. This drop would shift leftward as D
increases.

Since many graph algorithms perform better in planar graphs than in non-planar graphs, we
would like to know how interval routing would perform in planar graphs. Several lower bounds
have been proposed for non-planar graphs. For planar graphs, there exists only one lower-bound
result—%D — 1—which is due to Ruzicka [10]. His proof is based on a simple planar graph, which
he later referred to as the globe graph [6] (see Figure 2 for an example). In the second part of this

paper, we present two lower bounds for planar graphs:

1. 2D — 1 for M = O(/n), and




2. %D for M = O(y/n), for any constant § (0, 1].

The second bound directly implies a lower bound of Q(,/n) on the number of labels needed to
achieve optimality—i.e., where the longest path is at least equal to D in length. It also implies a
lower bound of Q(,/n) on the number of labels needed to achieve shortest-path routing, coinciding
with a result due to Gavoille and Pérennes [4].

A spectrum of lower bounds for planar graphs is given as the bottom solid line in Figure 1. It
is smoother than the spectrum of lower bounds for non-planar graphs (the dashed line), although
we do nhot yet have an idea about the optimality of these planar graph lower bounds. As for upper
bounds, planar graphs have a better spectrum, [(£ + ¢) D1, for any O(2)-IRS [5], Ve > 0. In other
words, using fewer than O(y/n) labels, planar graphs can perform better. Using Q(y/n) labels,
planar graphs and non-planar graphs share the same spectrum. At present, however, we still
cannot conclude that interval routing always performs better in planar graphs than in non-planar
graphs at any point of the spectrum. The picture will become clearer when better upper bounds

can be derived for planar graphs, or better lower bounds for non-planar graphs.

2 Definitions and Properties

We consider a connected simple graph, G = (V, E), where V is the set of nodes and E the set
of directed edges such that (u,v) € E < (v,u) € E. In other words, G is an undirected graph.
There are n nodes in V' and each node has a unique label from the set I'yy = {0,1,...,n — 1}.
The node labels are cyclicly ordered, denoted 0 < 1 < --- < n — 1 < 0. We further define the
expression u < {v,w} < x to be two simultaneous relations based on the cyclic order: v < v < z

and u < w < z.

Definition 1 An interval (a,b) is the set {a,a + 1,...,b (mod n)}. The elements a,b are called the

marginal elements of the interval. In particular, (a,a) = (a) = {a}, and () is the empty interval.

Definition 2 Let B be an interval. A set A is a sub-interval of B if A is an interval and is a subset of B.
A is a proper sub-interval of B if A is a sub-interval of B and neither of the marginal elements of A is a

marginal element of B.
Definition 3 Two intervals A and B are non-overlapping if AN B = 0.
Definition 4 Two intervals A and B are disjoint if A U B is not an interval.

Any two disjoint intervals are non-overlapping.

Let L be a node labeling function such that foreach u € V', L(u) € I'y, and is the unique node number

of u. Forany M > 2, let L, be an M -label edge labeling function such that for each (u,v) € E, L, (u,v)
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is a union of M intervals. Each of these M intervals is an interval label of v on (u,v). Since the

union of two non-disjoint intervals is an interval, L. (u, v) isaunion of at most M disjoint intervals.

Definition 5 An M-interval routing scheme, or M-IRS, onagraph G = (V, E) is an ordered pair (L, L)
where L is a node labeling function and L, is an M -label edge labeling function such that the following are

satisfied.

o Yu,v € V,u # v, Jasimple path u, z1, 29, ..., 2k, vinGsuchthat L(v) € Ly(u,z1)NLy(21,22)N
...N Ly(xzk,v),and

o Vu eV, if (u,v1), (u,v2) € E,and vy # vg, then L. (u,v1) N Ly (u,ve) = 0.

Definition 5 guarantees the completeness of every M-IRS in the sense that the routing scheme
should provide all-to-all paths of which each is a simple path. Definition 5 also guarantees a
deterministic routing scheme that provides exactly one path between any two nodes. Hence, we

have the following.

Property 1 (Complete) The set of interval labels for edges directed from a node u is complete. That is,
YVueV, 'y — {L(u)} C U(u,v)eEL*(u,v).

Property 2 (Deterministic) The interval labels for edges directed from a node w« are disjoint. That is, for

any v, where v # u, L(v) is contained in exactly one of these interval labels.

It should be noted that these two properties are necessary but not sufficient for a valid IRS for

general graphs.

3 Upper Bounds on Multi-Label Interval Routing

3.1 Basic lemmas

Definition 6 Given a graph G = (V, E) with diameter D, a node = € V, a positive integer ¢, a positive

constant o < 1 and positive constants po = 1, p1, . .., p;, we define
o Aj=—2oD
PiPi—1-"P1P0

o Vi={veVl]dz,v) <A} and
e d(z,A) = min{d(x,a)la € A}, for AC V.
In particular, V! = {v € V|d(z,v) < aD}.

Lemma 1 For any graph G = (V, E) with diameter D, if there exists a I'-dominating set of size O(M),
where D’ < D, then there exists an O(M)-IRS such that the length of the longest path is bounded by
D+ D'



Proof: We partition G into at most O(M) connected subgraphs such that each subgraph accom-
modates a spanning tree of depth D’. Assume that there are m = O(M) subgraphs, denoted as
G; = (Vi, E;), with corresponding roots R;, i = 1,...,m.

We label the nodes in each V;. The nodes’ labels of V; are from 0 to |V;| — 1. For V;,i =
2,3,...,m, the nodes’ labels are from 3°/—} |V;| to 35_, [Vj| — 1. The labels of each V, i € [1,m],
form an interval, I;. Consider G;. Its root R; is labeled with the number ;;11 |V;l,or0ifi=1. We
label the remaining nodes in a pre-order fashion based on the spanning tree.?

For routing inside G, we use the edges of the spanning tree only. We assign at most two inter-
val labels to each edge of the spanning tree. For downward routing, one interval label per down-
ward edge is enough, because with the pre-order numbering, the nodes’ labels for a downward
edge form an interval. Hence, each downward edge will have one interval label. The upward
edge will have two interval labels because for a node u, the labels of « and its descendants form
an interval due to the pre-order numbering, which means that the complement of this interval as
a set forms two intervals in I;.

For routing fromz toy, x € V3, y € Vj, 4,5 < m, i # j, we first find a shortest path from x to
R;. Letz,ay,aq9,...,a, R; be the shortest path. If a;, Vi € [1, ], is not in the spanning tree of G,

we simply assign the directed edges (z,a1), (ax, R;), (a;,a;11), Vi € [1,k — 1], an interval [,. If the
ply g g j + j

path x, a1, as,...,ax is not disjoint with the spanning tree, we choose the minimum r such that
a, is in the spanning tree of G;. We label the directed edges (a,a1), (a1, a2), ..., (a,—1, a,) With an
interval I;.

We count the maximum number of interval labels used by the edges. A directed edge (u,v)
which is not in any spanning tree and u € V;, i € [1,m], has at most m — 1 interval labels which
are I, Io, ..., i 1, Liy1, ..., 1,2 (WU L U...UTL, ={0,1,...,n — 1}.) Adirected edge, which is
in one of the spanning trees, has two more intervals—i.e., m + 1 interval labels.

Consider the routing paths’ lengths. For routing inside each G, ¢ € [1,m], the routing paths
are at most two times the depth of the spanning tree, which is no longer than 2D’, or less than

D + D'. Forarouting fromztoy, z € V;, y € V}, i,j € [1,m], i # j, we have two cases:

e The routing path passes through R;.
The path from z to R; takes at most D steps, and the path from R; to y takes at most D’
steps, and so totally the routing path takes at most D + D’ steps.

e The routing path does not pass through R .
It will reach the first node in V;, say u. If y # u, the routing path willbe z, ... ,u,...,2,...,y,

where z is the root of the smallest subtree containing « and y. The path from z to z takes

2A similar technique was used in [9, 11].
3We can use at most F interval labels because any two adjacent interval labels can be combined into one.



less than D steps, and the path from 2z to y takes less than D’ steps, and so the whole routing

path takes less than D + D’ steps.

We check the validity of this IRS with respect to Definition 5. The IRS is a simple path routing
scheme because a path from z to y, where x € V;, y € Vj, 7,5 < m, will follow their shortest path if
1 # j; otherwise, the path will follow the spanning tree to which z, y belong. This also guarantees
Property 2. Property 1 is guaranteed since we have considered all kinds of destinations from any
nodeinV. O

Actually, we can drop the big-O notation in the lemma statement such that if there exists a D’-
dominating set of size M, where D’ < D, then we have an (% + 1)-IRS such that the length of the
longest path is bounded by D + D’. Moreover, from the result of Theorem 8 in [5], for % — 00,
we have an (2 + o(M))-IRS with the same dilation. This constant factor reduction of the space

complexity will benefit the result in Theorem 4. The same benefit may not apply to Theorem 5.

Lemma 2 Suppose Jv € V such that |[V/| < M, where i is a non-negative integer. Then there exists a

k-dominating set of size no greater than M, where k = max(2|4; |, [D — A;]).

Proof: We find a BFS tree rooted at v. At the |A;|-th level of the tree, there must be less than M
nodes; otherwise, |V}| > M.

We assign a k-dominating set C' to be the set containing the nodes at the |A; |-th level. Hence,
its size is bounded by M. For w (€ V) situated above the | A; |-th level in the tree, d(w, C) < 2| A;];
for w situated below the |A;]-th level in the tree, d(w,C) < D — |A;] = [D — A;]. The result
follows by setting & = max(2|A;], [D — A;]). O

Lemma 3 Suppose Vv € V, [V;?| > M. Then there exists a k-dominating set of size no greater than 1,
where k = 2[Ay].

Proof: There are at most 47 elements of I forming a subset C' such that for any distinct z,y € C,
VPNV =0. Then, Vw € V' \ C, 3¢ € C such that V,) NV # (. Since 3t € V) N VY, d(w,c) <
d(w,t)+d(t,c) <2|Ag]. The result follows from letting C be a k-dominating set, where k = 2| Ay |.
O

Lemma 4 Suppose Jv € V, M’ < |V}| < M, and Ya € V}, Vit > M’ where i is a non-negative
integer. Then there exists a k-dominating set of size no larger than % where & = max(2|A;41],[D —
A + 3041 ]).

Proof: Since |V;/| < fi(n), there exist at most &% elements of V; forming a subset C' such that for
any z,y € C, VI n VA =0, and V1, V1 C V. We focus on a BFS tree rooted at v.



Consider aw € V' \ C such that d(w,v) < [A;] — A4 1]. Thatis, wis anode in V;’ and V! ¢
Vi, The reason that w ¢ C'is that 3c € C such that Vit N Vit £ (). Therefore, 3t € Vitl nVit!
such that d(w, ¢) < d(w,t) +d(t,c) < 2|Ait1].

For a node w € V' \ C such that d(w,v) > |A;| — [As41], since the tree must have more
than [A;] — |A;41] levels, we can find a (|[A;] — [A;+1])-th level element ¢ such that d(t,w) <
[D — A; + Ajq]. Ift € C, the lemma is proved. Ift ¢ C, 3c € C such that V"t n Vit £ (;
and 3t € VT nVi* such that d(t,c) < d(t,t') +d(t',c) < 2|Aiv1]. Hence, d(w,c) < d(w,t) +
d(t,c) < [D — A; 4+ 3A;41]. The result follows by letting C' be a k-dominating set, where k& =
max (2| A1/, [D — A; +3Ai41]). O

3.2 The k-dominating set problem

Theorem 1 For any graph G, there exists a k-dominating set of size O(/n) where k < [2D].

Proof: We have two cases. First, consider that 3v € V such that |V,0] < \/n. By Lemma 2, there
exists a k;-dominating set of size no greater than /n, where k; = max(2|Ag |, [D — Ag]). Second,
consider that Vo € V, |[V2| > \/n. By Lemma 3, there exists a ko-dominating set of size no greater
than \/n, where ko = 2| Ay |. Take o = % Then, k1 = ky = (%D}, and the result follows. O

Theorem 2 For any graph G, there exists a k-dominating set of size O({/n) where k < [2D].

Proof: We have three cases. First, consider that 3v € V such that |V,’| < ¢n. By Lemma 2, there
exists a k;-dominating set of size no greater than /n, where k; = max(2|Ao |, [D — Ag]). Second,
consider that Vv € V, [V9| > V/n2. By Lemma 3, there exists a k»-dominating set of size no greater
than é/% = ¥/n, where ky = (2|Ao]). Third, consider that 3v € V, ¢/n < |V0| < V/n2. We have
two sub-cases.

1. Ja € V2 such that |V,}| < ¥/n.
By Lemma 2, there exists a ks-dominating set of size no greater than /n, where k3 =
II]&X(Q LAlJ, (D — Aﬂ)

2. Ya € V2, V.Y > ¥/n.
By Lemma 4, there exists a k4-dominating set of size no greater than Z/f = ¥/n, where
ks = max(2 I_AIJ> (D — Ao+ 3A1-|)

Leta = g and p; = 4, k = max(ky, ko, k3, k4). Then, k = {%D}, and the result follows. O

Theorem 3 For any graph G, there exists a k-dominating set of size O(*%/n), where k < (1 — 3%)D

and 4 is any integer constant greater than one.



Proof: We first show the existence of a k-dominating set of size O( 2%/n), for

k= maX{ZLA0J7 [D - AZ-|7 Hl[E%X}([D - Aj—l + 3AJ-|)}7
7€l

and then we will bound the value of k by (1 — ) D. Let fi(n) = *V/nit1-7,Vj € [0,i]. Consider

the following three cases.

1. v e V,j €]0,i] suchthat |V/| < fi(n).

Since A; < A < Ay, the result follows from Lemma 2.

2. Yo eV, |V > fOn).

The result follows from Lemma 3.

3. 3j € [1,i],p €[0,i — 1] such that f/(n) < |[VP| < f7=(n) and Va € V2, [VPTL| > fi(n).
The result follows from Lemma 4.

It remains to be shown that the above cases are complete. We assume that Cases 2 and 3 are
false and then prove that Case 1 must be true. Let the claim be that Vp € [0,4], 3a € V such that
|[VP| < fP(n). This claim implies Case 1, and will be proven by induction on p.

Since Case 2 is false, 3v € V such that [V,?| < f%(n). So the base case is true. Assume Ja € V
such that |V?'| < f'(n), 0 < p/ < i. If [VF'| < fi(n), then |[VF' 1| < [VF'| < fi(n) < fP+(n). If
[VP'| > fi(n), then 3j € [p/ 4 1,4] such that f7(n) < |V?'| < fi~'(n). Since Case 3 is false, 3b € V'
such that [V 1| < f7(n), which implies [VZ *1| < f7"+1(n). This completes the proof of the claim.

We need to bound value of £, that is to bound the terms 2| A |, [D—A;],and [D—A;_1 +3A,],

Vi e [1,i], by (1 — %)D. We use the standard technique of making the above terms equal to each

other. Recall that A; = m. We take p; = 4 and p;_1 = 1743. Let the denominators of p;

be ¢j, j € [1,i — 1]. We take p; = 3qu“, Vj e [1,i—1],and ¢j_1 = 3¢; + 1,Vj € [2,i — 1]. And
__ 3qi+l _ 1 2Ba+1) _ 1

we take a = m Therefore, k = (Mﬁm =[(1- W)Dl. We need to prove

2(3q1 +1) +1 =3+

Obviously, the value of ¢; depends on i. For ¢ = 2, we have p, = 4 and p; = % Then,
31 +1=13,0r2(3¢; + 1) + 1 = 27 = 32*L,

Assume 2(3g; + 1) + 1 = 3* wheni = k. Wheni = k + 1, 2(3¢g2 + 1) + 1 = 3**! because the
value of ¢» at i = k+ 1 equals the value of ¢g; ati = k. Then,2(3¢1 +1)+1=2(33¢g2+1)+1)+1 =
3(2(3¢qy + 1)+ 1) = 3*2, Hence, 2(3¢1 + 1) +1 =31, Vi > 1. O

33 AnO(“/n)-IRS,i > 1

Theorem 4 For any graph G of diameter D and any non-negative integer i, there exists an O(*%/n)-IRS
such that the longest path length is bounded by [(2 — 3%)D}.



Proof: Together with Lemma 1, Theorems 1, 2 and 3 imply the casesof i = 0,7 = 1 and i > 1,

respectively. O

Theorem 4 directly implies an O( “+/n)-IRS with the length of all paths bounded by [(2 — %)D],

where i is any positive integer constant.

34 AnO(Jp)-IRSforanya c (0,1)

Lemma5 (From [8]) For every connected graph G of n vertices and for every k > 1 there exists a k-

dominating set of size at most max{1, [ 7]}

The proof of Lemma 5 is based on a BFS tree. We apply the lemma to Theorem 5.

Without requiring the construction of a BFS tree, we can alternatively aim at a 2k-dominating
set of size at most | 7 |. We can partition V' into V1, V5, ..., V;,, and V' such that (1) for all i € [1,m],
the induced subgraph of V; is a connected graph of size &, for some m < [ 7 |; and (2) the induced
subgraph of V' is a disconnected graph having m’ connected components, m’ € [0,n — k|, with
none of them having a size > k. Let G; be the induced subgraph of V;, for all i € [1,m], and let
G = (V], E}) be the j-th connected component of the induced subgraph of V', for all j € [1,m/].

Forany j € [1,m'], 3i € [1,m] and 3(u,v) € E such thatu € V}, v € V;. Intuitively, a G’ is a
neighbor of one or more G;’s, but not a neighbor of G’,, j* # j. For each j € [1,m'], we attach G
to one of its neighbors, G;, i € [1,m)].

For those G;’s not having been attached any G’,, i € [1,m],j € [1,m], a spanning tree of depth
< k exists.

For those G;’s that have been attached G’ , G’

117 127 °

..,Ggp,i € [1,m],is € [1,m/],s € [1,p],p €
[1,m'], we consider the subgraph g; induced by V; UV, UV U...UV]. In G;, there exists a
spanning tree of depth < k, and with root r. Let the edge connecting V; and V' be (u;,,v;,),
s € [1,p] and u;, € Vi, v, € V.. Forall z € V/, there exists a path from r to z, passing through the
spanning tree of G;, the edge (u;,,v;,), and a path from v;_ to z. The length of this path is at most
k+ 1+ (k—1) = 2k. Hence, a spanning tree of depth at most 2K for G; exists.

It suffices to perform a DFS once. Starting from an arbitrary node, we start DFS and use a
counter to count the number of nodes within a connected component. If the counter reaches k,
then we can confirm that a subgraph G; exists, i € [1,m], and reset the counter. If we find a con-
nected component which cannot grow before the counter reaches &, we confirm that a subgraph
G’ exists, j € [1,m/]. This subgraph should be attached to its neighbor G, i € [1,m]. Afterwards,

the counter is reset and the DFS continues.

Theorem 5 For any graph G, there exists an O(Z)-IRS such that the longest path is bounded by (1 +
20) D, for any o € (0, 3).
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Proof: By Lemmas 1 and 5. O

3.5 Some remarks
We have presented two results on upper bounds:

1. An O("/n)-IRS whose longest path is bounded by [(2 — 37)D], where i is any constant

positive integer.
2. An O(£)-IRS whose longest path is bounded by (1 + «) D, for any constant a € (0, 1).

According to Definition 6, our first result is meaningful if aD > p;p;_1---p1. This means that
if 7 is a constant, we can apply our result to arbitrary graphs of any diameter which can be as small
as O(1).

Our second result is mainly for graphs of large diameter, preferably Q(./n). For graphs of
smaller diameter, this scheme uses more labels even though the longest path is shorter. For ex-
ample, if D = 9(2101@;01%), this scheme gives an O(nl_m)—lRS whose longest path is slightly
longer than D. The other scheme above would give an O(log n)-IRS whose longest path is slightly
shorter than 2D.

We can easily generate an o(n?)-time labeling algorithm for each scheme. First, we apply
Fredman’s algorithm for the all-pair-shortest-path problem, whose running time is o(n?) [1]. By
scanning its output once, we can construct an n x n all-to-all distance matrix. With this matrix, we
can use O(n?) time to build an n x D matrix, where each cell (4, j) stores the number of nodes in V/
having distance j from node i. With the second matrix, we can easily find the set C' in each case.
We can then build the disjoint spanning trees rooted at elements in C' and label the nodes, which
will take O(n?) time. Labeling the edges requires the shortest paths from all the nodes to each
element in C, which is available in the output of Fredman’s algorithm. Searching needs O(logn)
time. Labeling a path needs O(D) time. Totally, this part takes O(D|C|logn) time. Hence, we

have an o(n3)-time algorithm for each IRS.

4 Lower Bounds for Planar Graphs

4.1 The Graph

We use the globe graph Gsc k, as shown in Figure 2, to prove our lower bounds. We define
Gscx = (Vs i, Esc k) which is of diameter D = CK, and sizen = SCK + CK — S + 1, where

1



Figure 2: The skeleton of G5 ¢ k.

K >2,Ciseven,and Vs ¢ x and Eg ¢ i are as follows.

Vsork = {vsc/0<s<85,1<c<C—-1}
U {x37c,k|0§s§5,1ScﬁC’,lSkﬁK—l}
U {t,t}
Escrx = {(@sck Tsch+1)]0<s<8,1<ec<C1<k<K-2}
U {(s,e,Ts5e41,1)[0 <8 <51 <e<C—1}
U {(Zs,e,k-1,05c)0<s <81 <e<C—1}
U {(t,2511)0 <s< S}
U {(wscr-1,t-)]0 < s < S}
There are S + 1 rows, of which the 0-th row is the “base row”. In each row, there are C' — 1 v, .’s.
All v, .’s are grouped into C' — 1 columns, as shown in Figure 2. With the columns formed by
xs1,1’s and x5 ¢ k1S, there are C' + 1 columns. For the convenience of discussion, let X; be the
set {11/l < s < S}, X, be{zsox-1]1 <s < S}, and I, be {vs.] < s < S}, Ve e [1,C—1].
Here, we consider the interval structure of the elementsin X; U X, UI; U, U... U Io_1. Also for
convenience, we let L} = L.(vo ¢, %0 c+11) @and Ly = L. (vo ., Tocx—1), forall ¢ € [1,C — 1]. For
the sake of simplicity, but without loss of generality, we assume that Vs ¢ x = {0,1,...,n—1} and

the node labeling function L is an identity function—i.e., Vv € Vs ¢ i, L(v) = v.

4.2 Basic Lemmas

We prove by contradiction. If there is an M-IRS such that the longest path is shorter than %D— 1,

the following lemmas (7 and 8) must hold.
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Lemma 6 dp, € [1, M] such that there are p, disjoint intervals which contain all elements in X,. but none
of the elementsin X, Ulb U, U---Ulg_o.

Proof: Consider a base node v ;. By the assumption on the path length, we have X; U I, U Iy U
--Ulc_o C L7, and X, C Lf. By the definition of M-IRS, we have at most M disjoint intervals
containing X,. but not any elementsin X; U Io U I; U --- U Io_s. Therefore, the existence of a p,- in

the lemma statement is guaranteed. O

Lemma 7 dp; € [1, M] such that there are p; disjoint intervals which contain all elements in X; but none
of the elementsin X, U, UI,U---U Ig_s.

Proof: Similar to the proof of Lemma 6. O

Lemma 8 For each ¢ € {2,4,...,C — 2}, dp. € [1,2M] such that there are p. disjoint intervals which
contain all elements in I. but none of the elements in I/, ¢ € {2,4,...,C — 2}, ¢ # ¢, and not any
elements in X; U X.

Proof: Consider voc—y—1, v € [1,C —2]. Let Abe X, Ulc_oUIc_q4U---UI, o and B be X; U
I;UI4U--- UL, 5. By the assumption of path length, A C L, ;and BUL, C Lg_, ;. Then,
Jp € [1, M] such that there are p disjoint intervals—A;, As, . .., A,—containing all elements in A
but not any elements in B U I, and there are p disjoint intervals—Bx, Bxa, ..., Bx,—containing

all elements in B U I, but not any elements in A. Then, we have
Ap < Bxp < Ay < Bxg < -+ < A, < By,

The A’s and Bx’s alternate (Figure 3); otherwise, we can group two A’s or two Bx’s together and

choose a smaller p.

Similarly, by considering vo, c—+1, 3¢ € [1, M] such that there are ¢ disjoint intervals—B5, Bo, . . .

containing all elements in B but not any elements in A U I,,. For the convenience of discussion,
we can restrict the marginal elements of B’s to be in B. Then, the ¢ B’s may intersect with p Bx’s
only; they cannot have any intersections with any one of A’s. Therefore, these p + ¢ intervals— p
A’s and ¢ B’s—are non-overlapping (Figure 3).

All elements of I, cannot be in the p A’s, nor in the ¢ B’s. They can only be in the “gap”
between two A’s, or between two B’s, or between one A and one B. There are p + ¢ such gaps.
In other words, they belong to the set {0,1,2,...,n — 1} \ (U_;.A; UU]_, B;) which are in at most
p + ¢ disjoint intervals.

Hence, all elements in I, are in at most p + ¢ < 2M disjoint intervals which do not contain any
elementsof AU B. O

13



| Bj I Aj
Figure 3: Cyclic structures of three A’s, three Bx’s and four B’s.

Lemmas 7 and 8 show the interval structure of the elements in X; U X, UL, U I, U--- U Ig_s.
By a similar argument, we have the following, Lemma 9, which states the interval structure of
LUulz3U---Ulg_;.

If there is an M-IRS such that the longest path is shorter than %D, the following lemma
holds. Note that the additive term “—1” is not necessary here.

Lemma9 (1) Ip; € [1, M] such that there are at least p; disjoint intervals which contain I; but not any
elementsin I3 U Is U--- U Io_1. (2) 3pc—1 € [1, M] such that there are at least pc_; disjoint intervals
which contain Io_; but not any elements in I; U I3 U --- U I¢—3. (3) For each ¢ € {3,5,...,C — 3},
dp. € [1,2M] such that there are at least p, disjoint intervals which contain 7. but not any elements in I/,
de{},3,...,C -1}, #ec

Proof: Similar to the proofs of Lemmas 7 and 8. O

4.3 The first bound: 221D — 1 for M = O(/n)

Theorem 6 There exists a planar graph of diameter D = 2M K such that for any valid M-IRS, the longest

H 2M+1
path will be no shorter than =537—=D — 1.

Proof: We use the graph G5 ¢, x and let C = 2M. Assume that there exists a valid M-IRS such that

every path is shorter than 221D — 1. Then, Lemmas 7 to 9 hold.
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Let A be the set X; U X, U Uﬁ‘i{llgc. By Lemmas 7, 6, and 8, we have (1) p; (< M) disjoint
intervals which contain all elements in X; but not A\ X;, (2) p, (< M) disjoint intervals which
contain all elements in X, but not A\ X,, and (3) for each ¢ € {2,4,...,2M — 2}, p. (< 2M)
disjoint intervals which contain all elements in I. but not A \ I., where these p; + p, + ch‘i{lpgc
(< 2M2) intervals, called A’s intervals hereafter, are non-overlapping.

For convenience, the marginal elements of A’s intervals are assumed to be in A; mathemati-
cally, if any one of these intervals has marginal element(s) not in A, we can replace it by its largest
sub-interval such that its marginal elements are in A.

Consider the set B = UM I,. ;. By Lemma 9, for each c € {1,3,...,2M — 1}, there are p,
disjoint intervals which contain all elements in 1. but not B \ I., where p1,popr—1 < M, p. <
2M,Vc € {3,5,...,2M — 3} and these Zé‘ilpgc_l (< 2M? — 2M) intervals, called B’s intervals
hereafter, are non-overlapping. Similarly, if any one of these intervals has marginal element(s) not
in B, we can replace it by its largest sub-interval such that its marginal elements are in B.

We now show that the two sets of intervals will lead to a contradiction. Since there are at
most two marginal elements in an interval, there are at most 8M?2 — 4M rows, each of which
having at least one marginal element in any one of A’s intervals or in any one of B’s intervals.
Assume there is a sufficiently large number of rows. We take a row, say the i-th row, which has

marginal elements neither in A’s intervals nor in B’s intervals. Consider L. (t;, z;11). It contains

Ti11, 5,2, Vi, - - -, Vi 201—2; Otherwise, a routing path from ¢, will be longer than 252-1 D — 1. Since
these M elements—z; 1 1, vi2,vi4, .. .,V 2m—2—are not marginal elements of A’s intervals, an in-
terval containing any two of them (v; 2, v; 4, say) will contain the marginal elements (v; 2, v~ 4,

say) of A’s intervals to which the two elements belong (Figure 4). According to the assump-

marginal elements

Figure 4. Two marginal elements are grouped.

tion on the path length, L. (¢, z;1,1) cannot contain any elements in A \ X, except that from the
i-th row; hence it cannot contain any marginal elements of those A’s intervals containing A\ X, be-
cause these marginal elements are not from the i-th row. In order to contain z; 1,1, v; 2, vi 4, . - . , Vi 2m/—2,
L. (t;,2;1,1) must be a union of A disjoint intervals which contain z; 1 1,v;2,vi4, ..., Vi 2Mm—2, Ve-
spectively.

Since v;1,vi3,...,vi2m—1 € Ly(t,251,1), by similar argument, the M disjoint intervals of

L.(t;,x;1,1) must contain v; 1,v; 3, ..., v;2m—1, respectively. Hence, 3¢ € {1,3,...,2M — 1} such
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that v; , and z; ; ; belong to the same interval label of L. (¢, z;1,1), say L1(t;, z,1,1). Letthe A’sin-
terval which contains x; 1 1 be X7. Since Ly (¢, z;1,1) contains x; ; ; but not the marginal elements
of X7, Li(t;,x;1,1) is a proper sub-interval of X7. Hence, v;, is a non-marginal element of X
(although it is not an element of X;).

Consider L. (t,, i c Kk—1). VigsVi2,Vid,---,Vi2M—2,%ic,k—1 € L«(tr, i c k—1); otherwise, the
assumption on the path length will be violated. Hence, L. (t,,z;c x—1) contains M + 1 non-
marginal elements of different A’s intervals. By the Pigeon Hole Principle, one of the interval
labels of L.(t,,z;c Kx-1), say Li(t,zic,x—1), Will contain two elements from v; 4, v; 2,04, ...,
vi2M—2, Ti,c,K—1, and one of them must be from v; 2, v; 4, . . . , viom—2, Ti.c. k-1 (€ A\Xy). Li(tr, i x—1)
will therefore contain a marginal element of the A’s interval containing A\ X;. Hence, the assump-

tion on the path length is violated. O

Corollary 1 There exists a planar graph G of diameter D such that if we use {/ 35 or fewer labels, then G

2M+1
has a path of length at least =5;=D — 1.

Proof: To reach a contradiction in the proof of Theorem 6, we set C = 2M,
S =8M?—4M +1and K = 2. Recall thatn = SCK + CK — S + 1, and so we have M > ,3/3—’”‘2. O

. 2(14+0)M+1
4.4 The second bound: 295 D for M = O(y/n)

By extending the length of the chain in Gs ¢ k, we can arrive at a different lower bound on the
longest path and a different requirement on the number of labels. We again prove by contradiction.

Unlike the previous proof, here we make use of Lemma 9, and the following lemma.

e e

First Example Second Example

B Gapin asubfile
Object
B Gap not in a subfile

Figure 5: Two examples of Lemma 10 with M = 5and § = 4/5.

Lemma 10 Suppose that (1+ )M objects arranged in a single file and a gap between two adjacent objects,
where 6 M is an integer. Dividing them into M sub-files (some of them may be empty) would result in at

least 0 M gaps being in the sub-files.

Proof: (Outline) A sub-file containing K objects will contain K — 1 gaps. O

An example is shown in Figure 5.
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Theorem 7 There exists a planar graph of diameter D = 2(1 + ) M K such that for any valid M/-IRS, the

longest path will be no shorter than %D for any constant ¢ € (0, 1].

Proof: We use the graph Gsc x and set C = 2(1 + 0)M. Assume the contrary that there is an
M-IRS such that the longest routing path is shorter than %D.

Let B be the set Uglzﬁ‘s)MIQC_l. By Lemma 9, for each ¢ € {1,3,...,2(1 + §)M — 1}, there
are p. disjoint intervals which contain /. but not B \ I., where pi,pyi15-1 < M,p. < 2M,
Ve e {3,5,...,2(1 4+ )M — 3}, and these zgi*;é)Mpgc_l (< 2(1+8)M? — 2M) intervals, called B’s
intervals hereafter, are non-overlapping.

Consider L, (t;,z;11). {vijlj =1,3,...,2(1 + 6)M — 1} C L.(t;, z; 1,1); otherwise the assump-
tion on the path length will be violated. The elements {v; ;|j = 1,3,...,2(1 + )M — 1} all fall
into different (1 + §)M B’s intervals, but L.(t;,2;1,1) is a union of at most A disjoint intervals.

By Lemma 10, at least §M gaps between B’s intervals are “covered” by L. (t;,x;1,1) (Figure 6). By

gap
Figure 6: Two gaps between B’s intervals are covered.

Property 2, these §M covered gaps cannot be covered again by L. (t;,z; 1,1), for i # 7.
Hence, each row will cover at least M gaps, but there are 2(1 + §)M? — 2M B’s intervals and
hence 2(1 + 8)M?2 — 2M gaps in between. If we set s to be 28222 1 \ve have a contradiction

since we cannot provide § M gaps for each row to cover. O

Corollary 2 There exists a planar graph G of diameter D such that if we use, /4(15# or fewer labels, then

G has a path of length at least 21+ +1

“srayar D for any constant § € (0, 1.

Proof: To reach a contradiction in the proof of Lemma 7, we set C = 2(1+0)M, S = w+ﬁ

and K = 1. Recall thatn = SCK + CK — S + 1, and so we have M > —4(1{%)2. 0

5 Conclusion

We have presented an O( “{/n)-IRS whose longest path is bounded by [(2 — 3%-)D1, where i is
any positive integer constant. Comparing with the lower bound of %D — 1[3], there is still much
room for narrowing the gap. The second result is an O( 7 )-IRS whose longest path is bounded by

(1 4+ «)D, for any constant o € (0, 1). Itis applicable to graphs with a large diameter. For these
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graphs, our result improves the results in [5, 6]. For graphs with a very large diameter such as
D = O(n), this result is close to the optimal. Further research is necessary for graphs with a small
diameter.

Our results for planar graphs are based on the globe graph which is a very simple but useful

21 — 1 on the longest path length for

2(14+6)M+1
(2(1+)6)M D for

M = O(y/n), for any constant 6 € (0, 1]. Both lower bounds are slightly above the trivial lower

graph structure. The first result is a lower bound of

any M-IRS, where M = O(+/n). The second result is another lower bound of

bound of D. Comparing with the upper bound result in [5], we can see that a wide gap still exists.
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